The high-order layerwise element models have been used for damaged plates and shells in the presence of singularities such as crack, cutout, and delamination. In this study, the extension of a proposed finite element model has been tested for free vibration analysis of composite laminated systems. For the elements, three-dimensional displacement fields can be captured by layer-by-layer representation. For the elements, higher-order shape functions are derived by combination of one-and two-dimensional shape functions based on higher-order Lobatto shape functions, not using pure higher-order three-dimensional shape functions. The present model can relieve difficulty of aspect ratios in modeling very thin thickness of bonding layer. For verification of the model, natural frequencies and corresponding mode shapes are calculated and then compared with reference values for uncracked and cracked plates. Also, the vibration characteristics of one-sided patch repaired plates with a through internal crack are investigated with respect to variation of crack length, size and thickness of patch, and shear modulus of adhesive, respectively.
Introduction
For enhancement of service life in structures with local damage or defect, adhesively bonded technology has widespread applications in aircraft, ship, and other structures due to its light weight and efficient load transfer characteristics. Composite patches, especially, have shown to be a highly cost effective method for extending the service life and maintaining high structural efficiency [1] [2] [3] . To investigate the behavior of damaged structures repaired by composite patches, stress intensity factors obtained from stress analysis have often been considered, which are reduced by the presence of the patches. For the stress analysis, some authors have addressed various analytical, numerical, and experimental aspects. As the analytical solutions [4] [5] [6] could not effectively handle the complexities of real-life patch-repair problems, the emphasis has been on experimental and numerical methods. In the case of numerical methods, most authors [7] [8] [9] have relied upon conventional finite element analysis based on ℎ-refined mesh design, utilizing hexahedral elements for three-dimensional modeling and plate elements for two-dimensional modeling. In three-dimensional models, discretization of the extremely thin adhesive layer with hexahedral elements with acceptable aspect ratios led to models with unacceptable large number of elements. Ahn and Basu [10] proposed a mixed-model approach to analyze cracked metal plates with patch repair, which shows a strong robustness of the element with respect to very large aspect ratios of 1:200 for extremely thin adhesive modeling. Some other authors [11, 12] have focused their attention on the optimal design of the bonded patches by finite element models.
Although static analyses of patch repaired plates with a crack have intensively been performed to determine stress intensity factors, investigations on their free vibrations of patch repaired plates with a crack are rather little. Researches on vibration analysis of some plates including through internal cracks have often been implemented. Stahl and Keer [13] reported vibration phenomenon of cracked rectangular plates with simple supports whose analysis is based on a dual series equation. Solecki [14] studied vibration of rectangular plates with a crack parallel to one edge using a finite Fourier series transformation in conjunction with the generalized GreenGauss theorem. Liew et al. [15] used domain decomposition method in determining frequencies of cracked plates. Wu and Shih [16] studied dynamic instability of rectangular plates with an edge crack. Bachene et al. [17] used extended 2 The Scientific World Journal finite element method based on Mindlin plate theory for vibration analysis of cracked plates. Recently, Ritz method considering shear deformation was applied for determining frequencies and nodal patterns of thick, cracked rectangular plates [18] . To the author's knowledge, it is nearly impossible to find the published literatures about the free vibration analysis of patch repaired plates with a through internal crack. Natural frequency is one of the significant characteristics in engineering applications and dynamic responses of the cracked structure that may change after patching. Hence, it is necessary to understand the variation of the natural frequencies of the patched and unpatched cracked structure for effective patching design.
Meanwhile, the quest for the robust finite elements for a wide class of practical problems involving stress singularities has triggered researchers to develop higher-order finite elements. Mathematical justification showing the advantages of higher-order approximations of the field variables has been reported [19] regarding high accuracy, high convergence rate, coarse mesh, and improved performance in handling stress singularity problems. As previously worked, fracture analysis using the -convergent layerwise elements [20] based on hierarchical shape functions was implemented in which three-dimensional displacement fields can be captured by layer-by-layer representation. For the elements, higher-order shape functions are derived by combination of one-and twodimensional shape functions based on Lobatto shape functions, not using pure higher-order three-dimensional shape functions. Then, stress intensity factors of cracked plates with a patch repair [10, 21] were obtained by the -convergent layerwise elements. In this paper, the proposed elements are applied to the free vibration analysis of cracked plates with a patch repair. For verification of the proposed elements, at first, natural frequencies and the corresponding mode shapes are compared with reference values for uncracked and cracked plates. Then, vibration characteristics of one-sided patch repaired plates are investigated on natural frequencies in terms of crack length, size and thickness of patch, and shear modulus of adhesive.
-Convergent Layerwise Element Model

Displacement Fields.
In this approach [20] to threedimensional modeling of patch repaired systems, each layup is treated discretely with deformation of a point in the layup in terms of three-displacement components defined for each layer separately. Displacement field at bottom and top surfaces within a layer is approximated by two-dimensional shape functions. Then the two surfaces are connected by interpolating technique using one-dimensional shape functions which are first-order or more variations across thickness. The one-dimensional hierarchical shape functions can be classified into two groups as nodal modes ( ) and nodeless modes ( ). For two-dimensional hierarchical shape functions, three-mode groups belong to the quadrilateral element such as nodal modes ( ) and nodeless modes ( ) including side and internal modes. Generally, the nodal modes have physical meaning, while the nodeless modes with respect to the increase of order of the Lobatto shape function do not 
where for the sake of brevity the Einstein summation convention has been introduced for a repeated index. , V , and are the nodal variables, and , , , , , , , ℎ , and are nodeless variables. The number of the nodeless variables depends on order of the approximation functions, and (≥2), which are independent of each other. Figure 1 depicts the modeling scheme with present elements for a laminated system with two layers. If there are no gaps and empty spaces between interfaces of layers, compatibility conditions can be applied at the layer interfaces. Each layer has eight nodal modes. Also, it takes side, internal, and thickness nodeless modes of which numbers depend on the order of the approximation functions adopted, and .
Shape Functions.
For the functions stated above, at first, one-dimensional shape functions with higher-order degrees are adopted from the Lobatto shape functions [22] defined within the space (−1 ≤ ≤ 1) that are given by
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The higher-order Legendre polynomials, , can be defined by differential relations as follows:
Their orthogonal relationship is exactly specified by
The one-dimensional Lobatto shape functions derived from the higher-order integrals of Legendre polynomials play an essential role in the design of two-dimensional hierarchical shape functions for this discrete layer model. The twodimensional shape functions associated with the values of nodes are given by
where
In any -levels ( ≥ 2), two-dimensional shape functions associated with nodeless variables are as follows:
For ≥ 4, the additional shape functions of nodeless variables are obtained by
2.3. Strain Fields. For a typical layer, , stress-strain relationships, which are based on three-dimensional elasticity theory, are linear as follows:
Here, [ ] is a general elasticity matrix of orthotropic materials and strain matrix is given by
Equation of
Motion. Lagrange equations for most structural mechanics problems may be derived from consideration of Hamilton's principle that is well known in the text. For free vibration problems without damping, the governing equation of motion requires the functional to satisfy the condition as follows:
where is total kinetic energy, is potential energy including both strain energy and potential energy of any conservative external forces, and is a variation taken during the indicated time interval . The displacement fields {Φ} defined in (1) can be written by the following general form:
where all nodal and nodeless variables are included in the matrix { } and the matrix [ ] indicates hierarchical shape functions defined in (7)- (9). First-order derivative of the displacement fields with respect to time is given by
Then, the kinetic energy can be written by
Also, from the strain vector { } and the stress vector { } defined in (10) and (11), the potential energy can be written as
Thus the energy functional expressed in matrix form can be obtained as follows:
where [ ] is the strain-displacement matrix with respect to layer reference axes, [ ] is an elasticity matrix with an orthotropic material. The total kinetic energy, the first term of (17), is a functional with respect to displacements and velocities, while the potential energy is a functional with respect to only displacements. The velocity-related term in (17) is integrated by parts and then the minimization of energy functional is applied. Then by differentiating (17) with respect to time, the final equation of motion for free vibration problems for undamped system can be expressed in matrix form as
4
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When (20) has a nontrivial solution, characteristic matrix of { } should be singular matrix to satisfy the condition as follows:
Using a commercial package like MATLAB, characteristic equation (21) to find natural circular frequencies and the corresponding mode shapes can be solved.
Numerical Examples
Cracked Square Plates.
The free vibration of simply supported square plates with a center crack is considered when / ratio is fixed as 10, where and represent the side and thickness of square plate, respectively. The plates are discretized into 3 × 2 elements like in Figure 2 . Based on convergence tests, the orders of polynomial approximation are kept to 6 and 3 in plane and along thickness, respectively. To facilitate comparison of natural circular frequencies ( ), the nondimensional frequency parameter is considered as
where is material density of the plates, is Young's modulus, and ] is Poisson's ratio. The first five nondimensional frequency parameters are presented in Table 1 frequency of the cracked plate with / = 0.5 is reduced up to 12% as compared with that of the uncracked plate with / = 0. Also, it is seen that the reductions of frequencies are much larger for the second and the fifth modes than for the other modes. The frequencies may, respectively, be reduced by about 19% for the second mode and 17% for the fifth mode, while reductions of the third and fourth modes are within 5%. It means that first, second, and fifth mode shapes of first five modes are more dependent on crack size than the other mode shapes. Figure 3 shows the first five vibration mode shapes of uncracked and cracked plates to present the influence of a crack. It is observed how the cracks split the plates into two parts according to mode shapes.
Cracked Square Plates with a Patch Repair.
A repair method using perfectly bonded composite patch covering a structural defect can be used to enhance the service. In this study, the center-cracked steel plates with a single-sided patch repair are considered as shown in Figure 4 . To obtain fundamental frequencies of the patched problems and to investigate effect of some parameters, the present model is
The Scientific World Journal 5 applied. The plates have the following dimensions: length = 300 mm, thickness = 30 mm, patching length = 180 mm, = 10mm, and = 1.5 mm, respectively. For patching material, composite material with combination of boron and epoxy is adopted. The elastic properties of the steel, film adhesive, and boron/epoxy are given in Table 2 . If there are no additional conditions of geometry and materials in specific cases, those values aforementioned are chosen. For finite element meshing work, the steel plates are discretized into 5 × 4 elements, and 3 × 2 mesh design is used for patch and adhesive layers as shown in Figure 5 . Like the pervious problem, the orders of polynomial approximation are kept to 6 and 3 in plane and along thickness, respectively, through the convergence tests.
At first, Figure 6 shows the variation of natural frequencies with crack size for cracked plates with and without patch, respectively, in which the values of the cracked plates are compared with the value of an uncracked plate. It is seen from the results that the natural frequencies of all cracked plates with and without patch are smaller than that of the uncracked plate. The natural frequencies of the patched plates are somewhat larger than those of the cracked plates without patch below / = 0.3. When crack size is small, total mass has more influence on natural frequencies than stiffness. The figure also shows that decreasing ratio of the values in the patched plates is smaller than that of the unpatched plates with crack. It is noted that the relatively large stiffness effect by patching can lower the decreasing ratio of natural frequencies. Figure 7 illustrates the variation of natural frequencies according to different patch thickness varying from = 5 mm to = 30mm as a central crack propagates. In this case, the adhesive thickness is fixed as 0.75 mm and other dimensions and material properties are exactly the same as the values mentioned in Table 2 . As we are aware of it, the patch repair generally reduces stress intensity factors significantly up to a certain level of patch thickness since the stiffness of cracked plates enforced by patching effect is increased. However, it is noted from Figure 7 that growth of patch thickness decreases the natural frequencies of patch repaired plates when the plates have the same crack length. This is why the mass increment is more dominant to natural frequency than to the increase of stiffness. Figure 8 shows variation of natural frequencies with patch length from 100 mm to 280 mm where crack length is fixed to 90 mm. When patch length is smaller than double length of crack size, it is seen that patched plates have smaller frequencies than cracked plates without patch. The phenomenon occurs because stiffness intension by patching is smaller than mass increase by adding patching materials, boron/epoxy and adhesive. When patching effect is enough, natural frequencies are close to those of the uncracked plates. It can be told that variation of patch length has more positive influence than that of patch thickness as illustrated by the results of Figures 7 and 8. Next, influence of crack length and thickness of adhesive layer is given in Figure 9 . It can be told that the increase of the adhesive thickness decreases the fundamental frequencies. It is why the increase of the adhesive thickness causes a mass increment. The natural frequencies may be slightly reduced to approximately 2.7% for / = 0.1 and 4.2% for / = 0.5 although octuple increase of the adhesive thickness is given from = 0.375 mm to = 3 mm. Therefore, in practical cases of patching problems, effect of adhesive thickness may be negligible for frequency values, since variation of adhesive thickness is very small. Figure 10 presents influence of shear module of adhesives depending on variation of crack length. The increase in the natural frequencies due to single patching effect can be approximately between 7.5% for / = 0.1 and 11.7% for / = 0.5 when the adhesive shear modulus is varied from 100 MPa to 2000 MPa. It is also noted that the natural frequencies decrease as the crack length is increased. From Figures 9 and 10 , it is observed that the adhesive shear modulus has more significant effect on variation of the natural frequencies as compared with the adhesive thickness.
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Conclusions
The aim of this study is to show the efficiency of the proposed -convergent layerwise model for the free vibration analysis of cracked square plates without and with patch. Also, this study is extended to single patching effect of cracked plates. The obtained results deduce the following conclusions.
(1) Since the proposed -convergent layerwise model tolerates the large aspect ratio, the number of meshes can be drastically reduced as compared with the conventional solid element, especially in the case of considering very thin adhesive and patch.
(2) Frequency of each mode is reduced with increase of the crack length because stiffness of cracked plates decreases. Particularly, it can be told that frequencies of first, second, and fifth modes are largely decreased more than those of third and fourth modes.
(3) The patching effect can help decreasing ratios of natural frequencies reduce as crack size increases.
(4) Increase of patch length has more positive effect than increase of patch thickness in order to be close to the natural frequencies of original plates prior to damage.
(5) It is observed that the shear modulus of adhesive has more influence on the natural frequency as compared with the adhesive thickness.
(6) From these results, in future it is necessary to investigate the suitable size and thickness of patch before the design of optimal patching systems.
